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Abstract. By introducing a parameter, we give a unified generalization of some quadrature rules, 
which not only unify the recent results about error bounds for generalized mid-point, trapezoid 
and Simpson's rules, but also give some new error bounds for other quadrature rules as special 
cases. Especially, two sharp error inequalities are derived when n is an odd and an even integer, 
respectively. 



1. Introduction 

Error analysis for known and new quadrature rules has been extensively studied in recent years. 
The approach from an inequalities point of view to estimate the error terms has been used in these 
studies (see [l]-[22] and the references therein). 

In [35], by appropriately choosing the Peano kernel 
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error inequalities for a generalized trapezoid rule were given as follows. 

Theorem 1. Let f : [a,b] ^ M. be a function such that f'^^^^\ n > 1, is absolutely continuous. 
If there exist real numbers 7„, r„ such that 7„ < /^"^(a;) < x € [a, b], then 
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If there exists a real number such that /("^(a;) < T„, x G [a, 6], then 
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Liu provided the fohowing sharp perturbed midpoint inequahties by using the variant of the Griiss 
inequahty. 

Theorem 2. Let / : [a, &] — > M he such that J*^"^ is integrable with 7„ < /'■"-'(a;) < r„ for all 
X £ [a,b], where 7„,r„ € R are constants. Then 
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an inequahty of Simpson type for an n-times continuously diffcrentiable mapping was given as 
foUows. 

Theorem 3. Let f : [a, &] — > E be an n-times continuously diffcrentiable mapping, n > 1 and such 
that sup,e(„,,) |/(")(a;)| < oo. Then 



f{x)dx - 



/(«)+4/ 
4n" 



{n + 1)! 



a + b 
2 

n- 2 

6"+i ^ 3 • 2" ' 
n- 2 



/(&) 



E 



^ 3(2i + l)!22* 



3 • 2" ' 



if n < 3, 
if n > 3. 



(9) 



In |17| . using the weh- known pre-Griiss inequahty, Pecaric and Varosanec obtained different error 
bounds for inequahty ([9]). Liu [15] generalized inequality ^ and also provided an improvement of 
[17) . More recently, Shi and Liu |19j further derived some sharp Simpson type inequalities. 

The purpose of this paper is to give a unified generalization of some quadrature rules, which not 
only unify the above results about error bounds for generalized mid-point, trapezoid and Simpson's 
rules, but also give some new error bounds for other quadrature rules as special cases. Especially, 
we will derive two sharp error inequalities when n is an odd and an even integer, respectively. 
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2. Preliminaries 

In this section we present some lemmas and notations needed in the proof of our main resuhs. 
Lemma 1. Let / : [a, 6] — > R fee a function such that f^^^^\ n > I, is absolutely continuous. Then 
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Proof. We briefly sketch the proof. Wc introduce the notations 
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then one can see that P„ and Qn form Appell sequences of polynomials, that is 

P;,ix) = Pn-lix), Q[,{x)^QnMx), Po{x) ^ Qo{x) ^ I. 

Thus one can use integration by parts to prove that (jlOp holds. 
Lemma 2. The Peano kernels Gn{t), satisfies 
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from which we see that ([T2|) holds. 
We have 
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By combining the above two cases, ([T^ is established 



[2(6ln)"+i - 6ln(n + 1) + n] 



We have 



When n = 1, 
then 



max |G'„(x)| = max < max |P„(x)|, max \Qn{x) 



max \Pn{x) 



^ / N 9{b-a) 
Pi[x) — X — a , X € 



a, 



2 

b — a 



max |G'i(a;)| = max {1 — 6*, 

xe[a,b] 2 



When n > 1, since P^ix) — gives x ~ a or x = a - 
three steps according to the different intervals of 9n. 
Case 9n> 9 + 1: We have 



e{n-l)(b-a) 



, we divide the proof of (|14p into 



So, we can get 
Therefore, 



a + b 9(n-l)(b-a) Onib - a) 

a + b' 



Pn{x) < 0, Pn{x) is decreasing, for x e 



max \Gn{x)\ = - min P„(x) = -P„ 

x&[a,b] xe\a,S^] 



a + b\ _ {Bn- l){b-aY 



i\ 2" 



A UNIFIED GENERALIZATION OF SOME QUADRATURE RULES 



5 



Case 1 <en<0 + l: We have 
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(fT5|) can be obtained by a direct calculation. 
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Pn a 



Pnix) > 0, for X e 
'(n-l)(fe-a) 



0n(& — a) a + & 



c{l-e'n,6'"(n-l)"-i} 



max 

[a,b] 



: max 



max 



G2mix) 
G2mix) 

ix — a) 



1 



G2mix)dx 

1 



b — a 

ib - a) 2™ 
(2m)! 22™ ^2™ + 1 

2m-l 



(2m)! 



26lm(6 - a) 



1 



and 



Fn(a) 



(6-a)2 



ib - a)2™ 
(2m)! 22'" V2to + 1 

1 



:= max |F„(a;)| 



(2m)! 22™ 2m + 1^ 

We divide the proof of into two steps according to the different intervals of 6'(2m — 1). 

Case 6'(2m - 1) > 1: We have 

, , 0i2m- l)(b~a) a + b 
F„(a)>0, a+^ ->^^- 



Thus, we get 

max |_F'„(a;)| — max i i^„(a). 



Fn 



Case ei2m - 1) < 1: We have 



a + b 



= max < w — 



1 



2m + 1' 



6i(2m- 1) - 



2m 



2m + 1 



jb - 0)2™ 
(2m)! 22™ 



6'(2m- l)(6-a) a + b 
a < a H < 



Thus, we obtain 



max |F„(a;)| = max <^ |i^„(a)|. 



Fn 



2 

a + b 



1 



2m + 1 



6'(2m - 1) 



2m 



2m + 1 



Fn l^a + 
1 

2m + I 



6l(2m- l)ib-a) 



n2m 



(2m - 1) 



2m-l 



(6-a)2™ 
(2m)! 22™ 



By combining the above two cases, (|T6l) is established 



□ 



6 



W. J. LIU, J. JIANG, AND A. TUNA 



Before we end this section, we introduce the notations 
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3. Main results 

We first establish three error inequahtics for G i^[a, 6], ^^[a, 6] and i°°[a,6], respectively. 

Theorem 4. Let / : [a, 6] — > R 6e a function such that f'^'^~^\ n > 1, is absolutely continuous on 
[a,b]. If f^"^"^ & L^[a,b], then we have 
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for all 6 e [0, 1], where := £ 
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which has been appeared in [151 Theorem 4] . 
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If we take 9 = ^ in (I17|) . we get the averaged midpoint-trapezoid type inequality 
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Theorem 5. Let / : [a, 6] — > K 6e a function such that /*^" n > 1, is absolutely continuous on 
[a,b]. If f^"^ e L'^[a,b], then we have 
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If we take 9 — h in ()19p . we recapture the Simpson type inequality 
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If we take 6* = in (fT9|) . we recapture the midpoint type inequality 
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If we take 9 = ^ in (|19p . we get the averaged midpoint-trapezoid type inequality 
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Theorem 6. Let / : [a, 6] — S- M be an n-times continuously differentiable mapping, n > 1 and such 
that ||/''"'||oo < oo. Then we have 



for all 6 e [0,1]. 

Proof. Using the identity pU)) . we get 
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Consequently, inequality (pij) follows from (|22l) and ([T 

Remark 3. If we take 9 — 1 and = ^ in (|2ip . respectively, we recapture the trapezoid type 
inequality ([3]) and the Simpson type inequality ([9]), respectively. If we take ^ = in ([2T|) . we 
recapture the midpoint type inequality appeared in [31 Corollary 4.15]. 

Next, if Z^"-* is integrable and bounded, we prove some new error inequalities and perturbed error 
inequalities, respectively. 

Theorem 7. Let f : [a, 6] — )■ M be such that f^''^\n > 1) is integrable with 7„ < /'-"'(x) < r„ for all 
X e [a,b], where 7„,r„ € R are constants. 
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Proof. (1) For n odd, by ^ and dTO]), we get 
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Remark 4. If n is an odd integer and we take 6* = 1 in (1^^ and respectively, we recapture 
inequalities ©, (jH) and ([S]), respectively. If n is an odd integer and we take 9 = in we 
recapture inequality ([7]). If n is an odd integer and we take 9 = ^ in (|23)) . (|24|) and ((25)) . respectively, 
we recapture |,15i inequality (16)], 15, inequality (17)] and il5. inequality (18)], respectively. If n is 
an even integer and we take 9 — ^ in (^51) and (P?]). respectively, we recapture [HI inequality (19)] 
and inequality (20)], respectively. For other special cases, such as 61 = or 6* = ^, the interested 
reader can get some new error bounds for other quadrature rules, which we omit here. 
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Finally, we derive two sharp error inequalities when n is an odd and an even integer, respectively. 

Theorem 8. Let f : [a,b] M. be a function such that /("^i) is absolutely continuous on [a, b] and 
L'^[a,b], where n > 1 is an odd integer. Then we have 
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i! 2^^ 



(2n + l)(2n- 1) 



(33) 



for all 6 G [0, 1], where cr(-) is defined by cr(f) = II/II2 — (^J^i^ f{x)dx^ . Inequality p3p is sharp 

in the sense that the constant „i 2" " ^^"~(2n+i)'(2n-i)^^^" ^ cannot be replaced by a smaller one. 
Proof. From ([TO)) . (fT2)) and (fTSi) . we can easily get 

1 



G„(a;) 



< 



G^{x)dx 



f(-\x) 



b — a 
1 



f^''\x)dx 



dx 



b — a 



f^''\x)dx 



dx 



[e^n^{2n + 1) - 6i(4n2 - 1) + (2n - - a)2»+i \ = 



(2n+ l)(2n- l)(n!)222» 

[/("-l)(5)_/(n-l)(a)]2X 2 



b ~ a 



{b - a)"+^ e^n^{2n + 1) - 6l(4n2 - 1) + (2n - 1) 



(2n+l)(2n- 1) 



f7(/(")). 



To prove the sharpness of ([33]) . we suppose that ([33|l holds with a constant C > as 



We may find a function / : [a, &] ^ R such that /("^^^ is absolutely continuous on [a, b] as 



/(«-!) (X) 



(x - g)" 
(n + 1)! 
(x - 6)" 



(n + l)(6-a) 



X- 6 + 



(n + l)(6-a) 



X e 



X e 



a + 6' 



' 2 



(n + 1)! 
It follows that 

/(")(x) = G„(x). 
It's easy to find that the left-hand side of inequality becomes 

[6l2n2(2n + 1) - 0{'in'^ - 1) + (2n - 1)](6 - a)2"+i 



L.iJ.S'.dMl) 

and the right-hand side of inequality (p4| is 

1 



(2n-h l)(2n- l)(n!)222" 



R.H.S.m 



n2(2n -f 1) - 6l(4n2 - 1) (2n - 1) 



i!2" 



(2n+ l)(2n- 1) 



C{b-af 



It follows from §6^ and (|37l) that 
C> ' 



n^{2n + 1) - 6l(4n2 - 1) + {2n - 1) 



i!2" 



(2n + l)(2n- 1) 



(34) 



(35) 
(36) 

(37) 



which prove that the constant " ''^""^2i+i)'(2n-i)^''^" best possible in ([55)1 . 
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Theorem 9. Let / : [a, 6] — !■ M fee a function such that is absolutely continuous on [a, b] and 

j(") £ L^[a, fe] , where n > 1 is an even integer {n — 2m). Then we have 



(2?7i)!22™ V2m + 1 



/(2™-i)(6)-/(2™-i)(a) 



6- 



< 



(6- a)2"+5 /[6I2(2to)2(4to+ 1) - 6'(16m2 - 1) + (4m- 1)] - (16m2 - l)(2;Jq:j 
(2m)! 22™ y 



(4m+ l)(4m - 1) 



a(/(2™)), 
(38) 



for all 9 €E [0, 1]. Inequality p8l) is sharp in the sense that the constant 
1 



' [6'2(2m)2(4m + 1) - 6'(16m2 - 1) + (4m - 1)] - (16m2 - 



(2m)! 22™ y 
cannot be replaced by a smaller one. 
Proof. From pUj) . and ([15]), we can easily get 



(4m + l)(4m - 1) 



I-F, 



2m 



(b-a) 



2m+l 



(2m)! 22™ V2m + 1 



1 



/(2m-l)(;,)_/(2m-l)(a) 



6- 



G2™(x)/(2™)(x)da;--^ f G2m{x)dx [' f^^"'\x)dx 



1 



<- 



2(6 -a) 
1 



b nb 



- G2„,(t)][/(2™)(a;) - f(^"'\t)]dxdt 



b i-b 



b rb 



■2{b-a) \ J, J, 



Gl^{x)dx 



[G2,n{x)-G2Ut)?dxdt 



[/(2™)(a;)-/(2™)(t)]2d2;dt 



b — a 



H 2\ 2 



G2m{t)dt 



[/(2™)(x)]2dx- 



b — a 



H 2\ 2 



f^^'''\t)dt 



(5_ a)2m+i /[6l2(2m)2(4m + 1) - 6i(16m2 - 1) + (4m- 1)] - (16m2 - l){2;^ - Of 
(2m)! 22™ y (4m+ l)(4m- 1) 

To prove the sharpness of p8)) . we suppose that (|38l) holds with a constant C > as 



a(/(2™)). 



(b-a) 



2m+l 



1 



/(2™-i)(fo)-/(2™-i)(a) 



b — a 



(2m)! 22™ V2m + 1 

<C(6 - a)2™+^ y'(7(/(2™)). (39) 
We may find a function / : [a, 6] — > i? such that /("^^) is absolutely continuous on [a, 6] as 
/(2™-i)(a;) 



(x - a)2™ 
(2m + 1)! 
[x - &)2™ r 



X — a - 



6'(2m + l)(6-a) 



(&-a)2™+i / 1 



a; - 6 + 



6'(2m+ 1)(6- a) 



(2m)!22™+i V2m + 1 
{b-a) 



2m+l 



(2m)!22™+i V2m + 1 



L (2m +1)! 

It follows that 

/(2™)(a;) = G2„,(a;). 
It's easy to find that the left-hand side of inequality (|39|) becomes 
L.H.S.I^ 

[6l2(2m)2(4m + 1) - 0(16m2 - 1) + (4m, - 1)] - (16m2 - l)(2;;i;:j- 
^ (4m + l)(4m - l)((2m)!)224™ 



X e 



X e 



a, 



a + b 



2 

a + b 



-ib-a) 



4m+l 



(40) 



(41) 
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and the right-hand side of inequahty is 
R.H.S.m\i 



1 /[6i2(2m)2(4m+ 1) - e{16m^ - 1) + (4to - 1)] - {16m^ - 1)(2;;^ - ' 



^2 



Cffe — a)**™^^ 

(2m)!22'"y (4m + l)(4m-l) ^ ' 

(42) 

It follows from gl]) and (gU that 

1 /[6I2(2to)2(4to + 1) - 6'(16m2 - 1) + (4m- 1)] - (16to2 - - 
- (2m)!22™ y (4m + l)(4m- 1) ' 



1 /[e2(2m)2(4m+l)-e(16m2_i) + (4„_l)]_(16,„2_i)(^^_e)2 , 

which prove that the constant d (4m+i)(4m-i) ^'^'^ 



best possible in ((38|) . □ 

Remark 5. If we take = ^ in and respectively, we recapture sharp Simpson type 

inequalities [121 inequality (24)] and |19j inequality (29)], respectively. For other special cases, such 
as6' = O,0 = lor0 = i, the interested reader can get some new sharp error inequalities for other 
quadrature rules, which we omit here. 
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